
ChE 344
Reaction Engineering and Design

Lecture 8: Tuesday, Feb 1, 2022

Isothermal Reactor Design with Pressure Drop

Reading for today’s Lecture: Chapter 5.5 (5.6 for process)

Reading for Lecture 9: Chapter 6 (particularly 6.5-6.6)





With your neighbors:

X0 = 0 X1 X2 = 0.75

Only one reaction is occurring. For X of your limiting reactant 
defined with respect to the feed into the first reactor:

FA0 = 1 mol/s
FB0 = 2 mol/s

FA1 = 0.5 mol/s

FB1 = 1.5 mol/s

FA2 = 0.25 mol/s

FB2 = 1.25 mol/s

A) 𝜃𝐵 = 2; FB1/FA1 = 3; FB2 = 1.125

B) 𝜃𝐵 = 3; FB1/FA1 = 3; FB2 = 1.25

C) 𝜃𝐵 = 2; FB1/FA1 = 3; FB2 = 2. 25

D) 𝜃𝐵 = 2; FB1/FA1 = 3; FB2 = 1.25

Notice I am not saying 
anything about 
concentrations, because we 
do not have sufficient info to 
know FT, v!

𝐹𝐵2 = 𝐹𝐴0(2 − 𝑋2)

𝐹𝐵2 ≠ 𝐹𝐴0(3 − 𝑋2)

𝐹𝐵2 ≠ 𝐹𝐴1(3 − 𝑋2)

What is 𝜃𝐵? FB1/FA1? FB2?

𝐹𝐵1 = 𝐹𝐴0(2 −
𝑏

𝑎
𝑋1) 𝐹𝐴1 = 𝐹𝐴0(1 −

𝑎

𝑎
𝑋1)



PBR (aka fixed bed) with pressure drop today.

Many industrial reactions are catalytic (>90%), particularly 
using heterogeneous catalysts,* and so packed bed reactors 
are common (behave like PFRs for the most part).

Catalytic converter

Catalyst pellets

• Ammonia synthesis
• Sulfuric acid synthesis
• Hydrocarbon (HC) cracking 
• CO, NOx, HC oxidation (3-way cat. 

converter)
• Steam reforming (make H2)
• Desulfurization of natural gas (remove 

H2S)

*Different phase of catalyst and 
reactant/product



What is on the horizon for this class?

For Midterm 1, we have been designing reactors with some 
simplifying assumptions that make our design equations 
(e.g., isothermal, isobaric flow). 

This knowledge can enable you to make excellent 
approximations and estimations of conversions for a large 
number of reactions, including many bench scale systems. 

𝑑𝑇

𝑑𝑉
= 0

Isothermal reactors: 

𝑇 = 𝑇0 or more rigorously

𝑑𝑃

𝑑𝑉
= 0

Isobaric flow reactors: 

𝑃 = 𝑃0 or more rigorously
𝑑𝑃

𝑑𝑊
= 0



More complex reactors

We can also have more complex reactors (Lecture 9/10) 

Semi-batch Membrane

More complex reactions (Lec. 9 and in more detail in Lec. 12)

FB0
NA FA0

X FA, FB

B

Non-isothermal (Lecture 13)

𝐴
𝑘𝐷

𝐷Desired product

Undesired product 𝐴
𝑘𝑈

𝑈

𝑑𝑇

𝑑𝑉
≠ 0



Pressure drop/pressure change (today)

We have so far considered flow reactors to be isobaric/no 
pressure drop. 

ΔP

This is not the case in reality because flow may be driven by a 
pressure gradient. 
P0 (total inlet pressure) > P (total outlet pressure). 
This pressure decrease is what we call ‘pressure drop’. 
So far we have been assuming it is negligible, but not always 
the case.

𝑑𝑃

𝑑𝑉
= 0𝑃 = 𝑃0

𝑑𝑃

𝑑𝑊
= 0

P0 = 20 atm P = 2 atm



For batch reactors we have usually been considering them to 
be constant volume (V = V0) and isothermal.* 
In these constant volume reactions, if the number of moles of 
ideal gases change due to reaction, the pressure will change 
(if isothermal) based on the ideal gas law. 
If # of moles increases, the pressure would increase, 
if # of moles decreases, the pressure would decrease. 
This is not the same as what we refer to as ‘pressure drop’, as 
there is no flow for the batch reactor.

Pressure drop (flow PBR) vs. pressure change in constant V 
batch reactor

*If you assumed constant pressure, the reactor could 
potentially expand (imagine a reaction occurring in a balloon). 



Pressure drop in a gas-phase packed bed reactor (PBR)

Semi-empirical Ergun equation

𝑑𝑃

𝑑𝑧
=

−𝐺

𝜌𝑔𝑐𝐷𝑃

1 − 𝜙𝑏

𝜙𝑏
3

150 1 − 𝜙𝑏 𝜇

𝐷𝑃

𝐿𝑎𝑚𝑖𝑛𝑎𝑟

+ 1.75𝐺
𝑇𝑢𝑟𝑏𝑢𝑙𝑒𝑛𝑡

Diameter particle/pellet =DP

𝜌𝑐 (density of catalyst)
z, V

𝜌𝑏𝑒𝑑 = 𝜌𝑐(1 − 𝜙𝑏)

If you know the flow regime you can simplify, e.g., in laminar 
flow, neglect turbulent contribution

The 𝜌 is gas density, 𝜙𝑏 is the bed void fraction, 𝜇 is the 

viscosity of the gas. gc is gravitational constant. (1.0 kg m/(Ns2))

𝜌𝑏𝑒𝑑𝑉 = 𝑊

Several mods for non-spherical exist



𝐺 ≡ 𝜌 ∗ ณ𝑢
𝑠𝑢𝑝𝑒𝑟𝑓𝑖𝑐𝑖𝑎𝑙 𝑣𝑒𝑙𝑜𝑐𝑖𝑡𝑦

= 𝜌
𝑣

𝐴𝐶𝑆

From conservation of mass:

𝜌𝑣 = 𝜌0𝑣0

𝑑𝑃

𝑑𝑧
= 

−
𝐺

𝜌0𝑔𝑐𝐷𝑃

1 − 𝜙𝑏

𝜙𝑏
3

150 1 − 𝜙𝑏 𝜇

𝐷𝑃
+ 1.75𝐺

𝛽0

𝑃0

𝑃

𝑇

𝑇0
1 + 𝜀𝑋

𝑣 = 𝑣0

𝑃0

𝑃

𝑇

𝑇0

𝐹𝑇

𝐹𝑇0
= 𝑣0

𝑃0

𝑃

𝑇

𝑇0
1 + 𝜀𝑋

From IG law:

By substituting fluid density for inlet gas density: 

Cross sectional area



Discuss with your neighbors:

Looking at the Ergun equation, something should hop out 
about 𝜀. 
For a defined limiting reactant, which of these is not a 
‘possible’ value of 𝜀 (for our ideal reactors)?

A) 𝜀 = 2

B) 𝜀 = -3/2

C) 𝜀 = 50

D) 𝜀 = -0.9

This would give us a negative flow rate. 
Makes sense in the context that flow 
would reverse direction (dP/dz = +), 
but problematic for our ideal PBR 
where all flow is in one direction.

𝑑𝑃

𝑑𝑧
= −𝛽0

𝑃0

𝑃

𝑇

𝑇0
1 + 𝜀𝑋



Why can’t this happen? 𝜀 = 𝑦𝐴0𝛿

𝑦𝐴0 =
𝐹𝐴0

𝐹𝑇0
> 0 𝛿 =

𝑑 + 𝑐 − 𝑏 − 𝑎

𝑎

𝑦𝐴0 𝑚𝑎𝑥 =
𝑎

𝑎 + 𝑏
If 𝑦𝐴0 is higher, A will not be limiting 
reactant (b/c A will be excess!)

𝛿 𝑚𝑖𝑛 >
−𝑏 − 𝑎

𝑎

This is the most negative that 𝛿 can be. 
For conservation of mass, some moles 
must be produced

𝐹𝑇

𝐹𝑇0
= 1 + 𝜀𝑋

If 𝜀 ≤ −1, FT will reverse direction 
(FT/FT0 will be negative)

𝜀 𝑚𝑖𝑛 = 𝑦𝐴0 𝑚𝑎𝑥 𝛿 𝑚𝑖𝑛 >
𝑎

𝑎 + 𝑏

−𝑏 − 𝑎

𝑎
= −1

𝜀 > −1



We want to couple with our PFR/PBR equation

𝐹𝐴0

𝑑𝑋

𝑑𝑉
= −𝑟𝐴

𝑟𝐴 is rate per unit volume (of reactor)

𝑟𝐴
′ is rate per unit mass (of catalyst) 𝑟𝐴 = 𝜌𝑏𝑟𝐴

′

Let’s first re-derive PBR, starting with the PFR design equation

𝑑𝑃

𝑑𝑧
= −𝛽0

𝑃0

𝑃

𝑇

𝑇0
1 + 𝜀𝑋

𝜌𝑏𝑉 = 𝑊

Rewrite PFR design equation in terms of mass of catalyst (W)

Wcat = Vcat * density catalyst = Vreactor * density catalyst bed

𝐹𝐴0

𝑑𝑋

𝑑𝑉
= 𝐹𝐴0

𝑑𝑋

𝑑𝑊

𝑑𝑊

𝑑𝑉
= 𝐹𝐴0

𝑑𝑋

𝑑𝑊
𝜌𝑏 = −𝑟𝐴 = −𝜌𝑏𝑟𝐴

′



𝐹𝐴0

𝑑𝑋

𝑑𝑊
𝜌𝑏 = −𝜌𝑏𝑟𝐴

′

𝐹𝐴0

𝑑𝑋

𝑑𝑊
= −𝑟𝐴

′

This gives us the PBR design equation

Why do we bother doing this? For catalytic reactions, when 
we measure the reaction rate to get rate laws, etc. we care 
about the amount of catalyst, b/c that controls the rate, not 
the reactor volume. 

Same rates, b/c W is the 
same even if V is not



𝑊 = 𝜌𝑐(1 − 𝜙𝑏)𝐴𝐶𝑆𝑧

𝑑𝑃

𝑑𝑧
=

𝑑𝑃

𝑑𝑊

𝑑𝑊

𝑑𝑧

𝑘 is rate constant in terms of volume for a PFR

𝑘 is rate constant in terms of catalyst mass for a PBR

𝐹𝐴0

𝑑𝑋

𝑑𝑊
= −𝑟𝐴

′ = 𝑘𝐶𝐴 = 𝑘
)𝐶𝐴0(1 − 𝑋

1 + 𝜀𝑋

𝑃

𝑃0

𝑇0

𝑇

How can we link catalyst weight to the z down the PBR we 
used in the Ergun equation?

For the gas reaction A → bB with rA = - kCA

For a PBR:

For a PFR:



Back to Ergun equation:

𝑑𝑃

𝑑𝑧
= −𝛽0

𝑃0

𝑃

𝑇

𝑇0
1 + 𝜀𝑋

𝑑𝑃

𝑑𝑊
= −

𝛽0

𝜌𝑐(1 − 𝜙𝑏)𝐴𝐶𝑆

𝑃0

𝑃

𝑇

𝑇0
1 + 𝜀𝑋

𝛼 ≡
2𝛽0

𝜌𝑐(1 − 𝜙𝑏)𝐴𝐶𝑆𝑃0

𝑝 ≡
𝑃

𝑃0

𝑑𝑝

𝑑𝑊
= −

𝛼

2𝑝

𝑇

𝑇0
1 + 𝜀𝑋

𝐹𝐴0

𝑑𝑋

𝑑𝑊
= 𝑘

𝐶𝐴0(1 − 𝑋)

1 + 𝜀𝑋
𝑝

𝑇0

𝑇

Ergun:

Design:

Gas only!



Example problem:

Make ethylene oxide from ethylene and air in a PBR:

𝐶2𝐻4 +
1

2
𝑂2 → 𝐶2𝐻4𝑂; 𝐴 +

1

2
𝐵 → 𝐶

Conditions: 

Stoichiometric feed, FA0 = 0.3 lbmol/second @ 10 atm

Isothermal PBR @ 260 °C

10 banks of 1 ½” tube x 100 tubes/batch, 1,000 tubes

Assume reaction gas properties are the same as air

𝜌𝑐 = 120 lbm/ft3, ¼” catalyst pellets and void fraction = 0.45

𝑟𝐴
′ = −𝑘𝑃𝐴

1/3
𝑃𝐵

2/3
 

𝑘 = 0.0141 lbmol/(lbmcat * atm * hr)

Rate law given for 
pressures not Cj

$ $$$



• Plot X and concentration profile vs. W

• Calculate X at W = 50 lbcat (single tube)

• Calculate W where X = 0.6

• Calculate the pressure drop at that weight of catalyst

FA0 = 0.003 lbmol/s
(1,000 tubes total)

FB0 = 0.0015 lbmol/s Consider single tube
FC0 = 0 lbmol/s

FN2,0 = 0.0015 lbmol/s *0.79 mol N2/ 0.21 mol O2 
= 0.005643 lbmol/s of inert nitrogen

𝐹𝐴0

𝑑𝑋

𝑑𝑊
= −𝑟𝐴

′ = 𝑘𝑃𝐴
1/3

𝑃𝐵
2/3

= 𝑘 𝐶𝐴𝑅𝑇 1/3 𝐶𝐵𝑅𝑇 2/3

Design Equation 
+ Rate Law



𝐹𝐴0

𝑑𝑋

𝑑𝑊
= 𝑘𝑅𝑇𝐶𝐴

1/3
𝐶𝐵

2/3

𝐶𝐴 =
𝐶𝐴0(1 − 𝑋)

(1 + 𝜀𝑋)

𝑃

𝑃0

𝑇0

𝑇
=

𝐶𝐴0(1 − 𝑋)

(1 + 𝜀𝑋)
𝑝

𝐶𝐵 =
𝐶𝐴0(0.5 − 0.5𝑋)

(1 + 𝜀𝑋)
𝑝

𝐶𝐵 =
𝐶𝐴0(𝜃𝐵 −

𝑏
𝑎

𝑋)

(1 + 𝜀𝑋)
𝑝

Stoichiometry:

Reactant A (ethylene)

Reactant B (oxygen)

Isothermal



𝑑𝑋

𝑑𝑊
=

−𝑟𝐴
′

𝐹𝐴0
=

𝑘

𝐹𝐴0
𝑅𝑇𝐶𝐴

1/3
𝐶𝐵

2/3
=

𝑘′

𝐹𝐴0

 (1 − 𝑋)

(1 + 𝜀𝑋)
𝑝

𝐶𝐴 =
𝐶𝐴0(1 − 𝑋)

(1 + 𝜀𝑋)
𝑝 𝑘′ =

𝑘𝑅𝑇𝐶𝐴0

22/3
𝐶𝐵 =

𝐶𝐴0(0.5 − 0.5𝑋)

(1 + 𝜀𝑋)
𝑝

𝑑𝑝

𝑑𝑊
= −

𝛼

2𝑝

𝑇

𝑇0
1 + 𝜀𝑋

Ergun Equation:
Isothermal

𝛼 ≡
2𝛽0

𝜌𝑐(1 − 𝜙𝑏)𝐴𝐶𝑆𝑃0

𝛽0 ≡
𝐺

𝜌0𝑔𝑐𝐷𝑃

1 − 𝜙𝑏

𝜙𝑏
3

150 1 − 𝜙𝑏 𝜇

𝐷𝑃
+ 1.75𝐺

Not pseudo

Combine (Design Eqn, Rate Law, Stoichiometry (for gases), 
and now also have Ergun Eqn):



𝑑𝑋

𝑑𝑊
=

𝑘′

𝐹𝐴0

 (1 − 𝑋)

(1 + 𝜀𝑋)
𝑝

𝑑𝑝

𝑑𝑊
= −

𝛼

2𝑝
1 + 𝜀𝑋

Solve using Polymath, Mathematica, Matlab, etc.

ICs: p(W = 0) = 1, X(W=0) = 0 

FA0 = 0.003 lbmol/s

FB0 = 0.0015 lbmol/s

FN2,0 = 0.005643 lbmol/s

Per (identical) tube:

𝜀 = 𝑦𝐴0𝛿 =
𝐹𝐴0

𝐹𝑇0
−1/2 = −0.15

𝐴 +
1

2
𝐵 → 𝐶

𝐹𝐴0 = 1.08 lbmol/hr

𝑘 = 0.0141 lbmol/(lbmcat * atm * hr)

𝑘′ =
𝑘𝑅𝑇𝐶𝐴0

22/3
=

𝑘

22/3
𝑅𝑇

𝑃𝐴0

𝑅𝑇
= 0.0266 lbmol/(lbmcat∗hr)

𝑃𝐴0 = 𝑦𝐴0𝑃 = 0.3(10 𝑎𝑡𝑚)



𝑑𝑋

𝑑𝑊
=

𝑘′

𝐹𝐴0

 (1 − 𝑋)

(1 + 𝜀𝑋)
𝑝

𝑑𝑝

𝑑𝑊
= −

𝛼

2𝑝
1 + 𝜀𝑋

X = 62.95%

W = 44.46 lbmcat

p = 0.5501

∆𝑃 =4.5 atm

𝛼 = 0.0166 1/lbmcat

𝑔𝑐= 32.174 lbm*ft/(s2*lbf) (convert from mass to force)



𝑑𝑋

𝑑𝑊
=

𝑘′

𝐹𝐴0

 (1 − 𝑋)

(1 + 𝜀𝑋)
𝑝

𝑑𝑝

𝑑𝑊
= −

𝛼

2𝑝
1 + 𝜀𝑋



Calculate W where X 
= 0.6

Calculate X at W = 50 lbm

Calculate the pressure drop 
at that weight of catalyst
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